A partial differential equation in time and space variables for the BCS order parameter for a non-equilibrium system is derived within the framework of nonperturbative canonical quantum many-body theory. The derivation is rigorous and no approximation is employed. The ensemble average used to define the order parameter is characterized by an arbitrary density matrix that satisfies the quantum Liouville equation. §1. Introduction Since Ginzburg and Landau proposed an extremely successful phenomenological model of superconductivity, 1) formulating a microscopic derivation of that model has been one of the central problems in the study of superconductivity. 2) Two years after the proposal of the BCS theory, 3) Gor'kov refined it by introducing "anomalous" Matsubara Green functions 4) and derived the Ginzburg-Landau model with various approximations for temperatures near T c . 5) An extension of the Gor'kov theory to the time-dependent case was carried out by Abrahams and Tsuneto, 6) who used the Martin-Schwinger theory of Matsubara Green functions 7) and the Kadanoff-Baym formulation of non-equilibrium quantum many-body problems. 8) They carried out a Taylor expansion of the integral kernel in the integral form of the Gor'kov equation in momentum-frequency space and obtained a diffusion-type equation in the vicinity of the critical temperature and a wave-like equation at zero temperature for the superconducting order parameter.
§1. Introduction
Since Ginzburg and Landau proposed an extremely successful phenomenological model of superconductivity, 1) formulating a microscopic derivation of that model has been one of the central problems in the study of superconductivity. 2) Two years after the proposal of the BCS theory, 3) Gor'kov refined it by introducing "anomalous" Matsubara Green functions 4) and derived the Ginzburg-Landau model with various approximations for temperatures near T c . 5) An extension of the Gor'kov theory to the time-dependent case was carried out by Abrahams and Tsuneto, 6) who used the Martin-Schwinger theory of Matsubara Green functions 7) and the Kadanoff-Baym formulation of non-equilibrium quantum many-body problems. 8) They carried out a Taylor expansion of the integral kernel in the integral form of the Gor'kov equation in momentum-frequency space and obtained a diffusion-type equation in the vicinity of the critical temperature and a wave-like equation at zero temperature for the superconducting order parameter.
Recently, Stoof 9) reformulated Abrahams-Tsuneto theory using the Keldysh theory 10) in the Grassmann number 11) path-integral form and the Hubbard-Stratonovich transformation 12)- 14) to introduce the pair fields and derived an effective Lagrangian for the phase of the order parameter. Stoof's effective Lagrangian yields a wave equation. Aitchison et al. 15 ) criticized Stoof's work on the ground that it violates Galilean invariance and derived an effective Lagarangian for the phase of the order parameter, which is manifestly Galilean invariant and very different from Stoof's result. From the effective Lagrangian, they constructed a density and a current in terms of the phase variable. Then, they identified the square root of the density as the modulus of the complex order parameter. They showed that a nonlinear Schrödinger Lagrangian for the complex order parameter actually yields the assumed forms of the density and current. Their result strongly suggests that the equation describing the behavior of the superconducting order parameter is a nonlinear Schrödinger equation. Their work was further developed for application to finite temperatures. 16 19) and computed the response of the order parameter to an external perturbation added to the system in equilibrium. All these works 16)- 19) are based on the Keldysh theory in the Grassmann number path-integral formulation and the introduction of the auxiliary fields through the Hubbard-Stratonovich transformation. Although their results strongly indicate that the equation for describing the dynamics of the superconducting order parameter is a nonlinear Schrödinger equation for the complex order parameter, no consensus has yet been reached on the exact form of this nonlinear Schrödinger equation.
The problem with the above-mentioned derivations of the equations for the superconducting order parameter seems to be their dependence on the approximations they employ, particularly the use of the Hubbard-Stratonovich transformation to introduce the pair fields. This seems to be equivalent to the one-loop approximation and the Legendre transformation. 20), 21) It is certainly necessary to construct a more rigorous formulation in order to examine the validity of the approximations and also to improve them.
In this paper we present a new approach to the microscopic derivation of the equation for the superconducting order parameter, which is different from the previous attempts given in Refs. 6), 9), 16)-19). We derive an equation for the superconducting complex order parameter with explicit space-time dependence. We do not assume that the system is initially in thermal equilibrium nor that it is even in the vicinity of thermal equilibrium. The essential theoretical tools used in our approach are the Liouville equation for the density matrix and the canonical equation of motion for the second quantized field operators describing the electrons. We use the quantum field theoretical Liouville equation (QFTLE) within the framework of the canonical formulation of the second quantized electron fields to derive the equation for the superconducting order parameter.
We obtain a Schrödinger equation describing the order parameter in nonequilibrium states that is very similar to the Gross-Pitaevskii equation for boson superfluidity. 22), 23) As no approximations are used in this derivation, our result provides a rigorous basis for the results of Aitchison et al. and of De Palo et al. suggesting that the microscopic equation governing the behavior of the superconducting order parameter is a Schrödinger equation. The final equation for the superconducting order parameter is not closed with respect to the order parameter. Particularly, it contains a correlation function that relates the electron density operator and the BCS pair operator. Therefore, in order to solve this equation for the order parameter, it would be necessary to introduce certain approximations. Nevertheless, the fact that the equation is exact for non-equilibrium systems seems to be of paramount significance, because it relates the correlation function and the order parameter rigorously on the basis of the original exact Hamiltonian. Indeed, the obtained equation can be regarded as a generalization of the basic idea of the finite temperature generalized Ward-Takahashi relations to non-equilibrium systems. 24) §2. Hamiltonian
The fundamental dynamical variables of the interacting many-electron systems we consider are the second quantized Schrödinger fields ψ α (x) and ψ † α (x) in the Heisenberg picture. Here, the Greek subscripts denote the spin variables and x ≡ (r, t). These electron Schrödinger field operators satisfy the equal-time canonical anticommutation relation
We assume that the electrons are coupled to a c-number external electromagnetic vector potential A(x) and that the corresponding kinetic energy Hamiltonian is given by
where m is the electron mass and −e is the electron charge. Throughout this paper, we adopt the Einstein convention with respect to the sum over the spin variables unless otherwise stated. We use the Coulomb gauge, and hence we have
We assume that the electrons are also coupled to an external electrostatic scalar potential A 0 (x). Adding the chemical potential term, we define
The coupling between the spins and the magnetic field B = ∇ × A , is given by
where µ B is the Bohr magneton, σ
αβ (k = 1, 2, 3) are the Pauli spin matrices, and g is the electron g-factor. Although we assume that the electron-electron interaction potential is independent of the spin, we do not assume a particular form for the interaction potential U . The electron-electron interaction Hamiltonian is
where we assume an instantaneous interaction. It is also possible to introduce a boson-exchange-type interaction with retardation effects within the framework of the present formulation. The essential point here is that we do not use the Gor'kov approximation, as it is unnecessary in our formulation. Thus, the total Hamiltonian for the electrons can be written as
Canonical equations for field operators
It is well established that the order parameter of the BCS superconductor is the ensemble expectation value of the Cooper pair operator, 2)
Using the equal-time canonical anticommutation relation (2 . 1), we can readily show the Cooper pair operator Λ(x) and the adjoint operator Λ † (x) satisfy an equal-time commutation relation of the form
One of the difficulties encountered in the field theoretical formulation of the BCS theory is that the relation given in (3 . 2) is not the commutation relation for boson fields. Specifically, the operator ψ α ψ † α on the right-hand side causes problems. For instance, a Jordan-Wigner-type polar decomposition 25),26),27) of the Cooper pair field operator Λ(x) does not seem possible with the commutation relation given in (3 . 2). In other words, due to the form of the commutation relation (3 . 2) the naive analogy of superconductivity to Bose-Einstein condensation of the Cooper pairs is invalid. The field operator Λ(x) cannot be a fundamental dynamical variable of the system.
The time derivative of the field operator Λ(x) is given by the Heisenberg equation:
), Λ(x) + H S (t), Λ(x) + H int (t), Λ(x) . (3 . 3)
These commutators can be calculated by making use of the equal-time canonical anticommutation relation (2 .
1). The equal-time commutator of Λ(x) with H A (t) yields
The evaluation of the commutator of Λ(x) with the scalar potential term H e is much simpler, and the result is
The commutator of Λ(x) with the coupling between the electron spin and the external magnetic field is obtained as
Due to the anti-commutativity property ψ α (x)ψ α (x) = 0 (no sum over α), and the properties of the Pauli matrices, this term simply vanishes:
The commutator for the electron-electron interaction Hamiltonian yields
where we have defined the electron number density
Substituting (3 . 4), (3 . 5), (3 . 6) and (3 . 8) into the right-hand side of the Heisenberg canonical equation (3 . 3), we obtain
If we take the ensemble expectation value of both sides of this equation using the Boltzmann density matrix (the statistical operator) e
H and carry out an analytic continuation with respect to the time-frequency, we can derive rigorous relations for the Matsubara Green functions, which can be used along the line of Gor'kov's approach. 5) 
§4. Equation for the order parameter
In order to define the order parameter of superconductivity we must introduce a density matrix that characterizes the ensemble mixture. In this work we do not assume a particular density matrix. That is, we do not restrict our formalism to thermal equilibrium nor even to the vicinity of thermal equilibrium. The only requirement on the density matrix ρ(t) is the quantum Liouville equation, 28) i
∂ ∂t ρ(t) = H, ρ(t) . (4 . 1)
The ensemble expectation value of an operator Ω in the Schrödinger picture is given by
where Ω H (t) ≡ U −1 (t)ΩU (t) defines the operator in the Heisenberg picture. The unitary operator U satisfies the equations i ∂ t U = UH and −i ∂ t U −1 = HU −1 . Using this ensemble expectation value, the BCS order parameter for superconductivity can be defined as
3)
The time derivative of this order parameter is given by
It should be noted that this equation holds for an arbitrary density matrix. Taking the ensemble expectation value with respect to the density matrix on both sides of Eq. (3 . 10) and using the definition of the order parameter (4 . 3), we obtain
The fourth term on the right-hand side, which contains a nonlocal minimal coupling between the electromagnetic field and the correlation function ψ ↓ (x)ψ ↑ (x ) , can be written as
where
In the strongly bound case, this I(x) can be interpreted as the kinetic energy of the internal degree of freedom of the Cooper pair with reduced mass m/2 and relative displacements x k −x k . The significance of (4 . 6) and (4 . 7) is that in them, the nonlocal minimal coupling between the Cooper pair order parameter and the electromagnetic field has been separated out from the internal degree of freedom. The electromagnetic field is coupled to the center-of-mass motion of the order parameter. Now the ensemble expectation value of the equation (4 . 5) can be written as 8) where the effective mass, charge and chemical potential are defined as
We note that Eq. (4 . 8) is gauge invariant. At first glance one might suspect that the term I(x) would cause a problem, but actually it does not. §5.
Concluding remarks
Equation (4 . 8) is the principal contribution of this paper. The essential features of its derivation are as follows: (i) it is not restricted to the vicinity of thermal equilibrium; (ii) the dynamics are calculated from the Hamiltonian (2 . 7) using only the equal-time canonical anti-commutation relation between the field operators given in (2 . 1), and no approximation is introduced. It is obvious that our derivation of the equation of motion for the superconducting order parameter is much more rigorous than any previous attempts. 6), 9), 16)-19) Furthermore, to the best of the present author's knowledge, nobody has ever succeeded in deriving this type of microscopic equation for the superconducting order parameter, which is the superconductivity counterpart to the Gross-Pitaevskii equation for boson superfluidity. 22), 23) Note that Eq. (4 . 8) is not closed with respect to the superconducting order parameter, as it contains n(r , t)Λ(x) and I(x). Of course similar equations could be derived for these expectation values. But they, too, would not be closed. This is a consequence of the BBGKY hierarchy inherent in many-body problems in general. Certain approximations would be necessary to truncate the hierarchy and to obtain a closed form. However, the fact that Eq. (4 . 8) is not closed does not lessen its significance. In order to understand the significance of certain non-closed equations in quantum many-body theory, perhaps the best example to consider is that of the finite temperature generalized Ward-Takahashi relations (FTGWTR). 24) Although these relations are not closed, their significance has been solidly established in condensed matter theory. 29)-34) As already stated in the introduction, Eq. (4 . 8) can be regarded as a generalization of the FTGWTR to non-equilibrium systems.
Because the expectation values of the field operators in (4 . 8) are defined for an arbitrary density matrix, we cannot apply the powerful Ezawa-Tomozawa-UmezawaWick theorem 35) to introduce approximations into (4 . 8). However, if we consider only the vicinity of an equilibrium state, the density matrix could be chosen in the form of the grand canonical ensemble. Then we can, for instance, adopt the Gor'kov approximation to calculate the terms n(r , t)Λ(x) and I(x). This yields n(r , t)Λ(x) = n(r , t) Ψ (x) − 2G(x − x )F (x − x ), (5 . 1) where G and F are Gor'kov's Matsubara Green functions with a real time variable. Of course, then we need equations for these Green functions that can be straightforwardly derived. Because F contains |Ψ 0 | 2 , where Ψ 0 is the equilibrium value of Ψ , it can be seen that Eq. (4 . 8) has a term |Ψ 0 | 2 Ψ (x) that corresponds to the nonlinear terms observed in previous papers. 16)-19) The term I(x) can be similarly approximated in terms of F (x, x ). It should be noted here that the exact equation (4 . 8) cannot be derived from these Green functions. If the density matrix is chosen in a pure ground state form, the microscopic equation (4 . 8) becomes the zero-temperature microscopic equation for the superconducting order parameter. The correlation function n(r , t)Λ(x) on the right-hand side of (4 . 8) explicitly shows that, due to the electron-electron interaction U (|r − r |), the Cooper pair operator is coupled to the electron number density operator. Also, the correlation function n(r , t)Λ(x) shows that the Cooper pair operator is coupled to the longitudinal electron current. This fact should be important in the investigation of the effects of the plasmon mode on the order parameter, particularly in treating the Higgs-Anderson mechanism. 36), 37) The significance of this correlation function has been pointed out by Martin. 38) 
